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Abstract—This paper considers spatial spectrum sharing-
based carrier aggregation (SSS-CA) from a game theoretic
perspective. In SSS-CA, a network operator can not only
transmit on its own licensed spectrum but it can also access
and aggregate the licensed spectrum of other operators on
payment of a certain price. The difference between operators
and the aggregators in each licensed spectrum makes this
network heterogeneous. We first model the pairing problem
between potential operators as a pairing game and then
derive the condition for which both operators are incen-
tivized to form an SSS-CA pair. We then introduce the
power control game to derive the optimal transmit power
of each spectrum aggregator. Finally, we consider the pricing
optimization problem by forming a pricing adjustment game.
We observe that these three problems are linked by the
price function of the operators and hence can be jointly
optimized by using a hierarchical game theoretic framework.
We derive the Stackelberg equilibrium for the pricing and
power joint optimization problem and present the numerical
results to compare the performance improvement brought by
our proposed joint optimization method.

Index Terms—Carrier aggregation, heterogeneous network,
cognitive radio, spatial spectrum sharing, game theory.

I. INTRODUCTION

In this paper, we study carrier aggregation (CA) for

heterogeneous networks (HetNets) from a cognitive radio

(CR) network perspective. CA is a technique used by

network operators to support high data rates over large

bandwidths by aggregating frequency resources that may

lie in different frequency bands or which may not be

contiguous. The emerging cellular technology LTE-A [1]

will rely on CA to achieve its promised peak data rates. In

a typical network a mobile network operator (MNO) may

aggregate frequency resource blocks contiguously or non-

contiguously within a single frequency band, i.e. intra-band

CA, or it may aggregate resources which are located in

separate frequency bands. While much of the current work

on CA investigates the aggregation of exclusive blocks

of spectrum from the perspective of typical macrocell

topologies [2]–[4], we investigate CA in the context of

heterogeneous networks.

HetNets typically involve a mix of macro, micro, pi-

co and femto cells operating within the same frequen-

cy resources of a single network operator, and current
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research focuses on distributed intra-system and intra-

operator resource allocation schemes that enable more

complex network topologies [5], [6]. In this paper we

investigate a framework that allows multiple MNOs to

access and aggregate each others’ licensed spectrum for

the purpose of providing more spectrum for the low power

elements of their HetNet topology. As such, we propose

a system which allows for the dynamic aggregation of

spectrum resources over both the network’s own spectrum

holdings and the spectrum holdings of other networks. In

this scenario an MNO may operate high power macro-

cells in its own exclusively licensed spectrum and may

dynamically aggregate additional spectrum, for lower power

use, in another network’s licensed spectrum. We refer to

this kind of carrier aggregation as spatial spectrum-sharing,

i.e. a heterogeneous mix of users, having different rights

and employing different transmit powers, exploit the same

frequencies over the same area.

From a CR network perspective [7]–[9], the MNOs, who

are spectrum owners, are also called primary users (PU).

They have priority to use their own licensed spectrum,

but they can also tolerate a limited interference increase

caused by other users. These users, called secondary users

(SU), can access the spectrum licensed to others as long

as the resulting interference is lower than the tolerable

level of the spectrum owners, i.e. the PUs. The difference

between the PUs and SUs in each licensed spectrum band

makes this network heterogeneous. We propose a spatial

spectrum sharing (SSS)-based CA framework for multi-

operator heterogeneous networks. More specifically, each

operator and its corresponding source-to-destination pairs

are regarded as PU in its own spectrum. They can also

access and aggregate the spectrum of other operators,

where they will be regarded as the SUs and should always

control the resulting interference within the given maximum

tolerable levels.

We propose a Stackelberg game-based hierarchical

framework to investigate the interactions among the oper-

ators. In our model, the operators will first decide whether

to share their spectrum with other operators by using SSS-

CA. If an agreement to use SSS-CA is reached, each

operator will control the prices charged to the secondary

spectrum users in its licensed spectrum. However, when it

accesses the spectrum of other operators, it will control the

transmit power to maximize the benefit and simultaneously

minimize the prices paid to the spectrum owners.
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Our main objective is to jointly optimize the pairing,

transmit powers and the prices charged by the MNOs to

maximize network performance and minimize the costs.

To solve this problem, we first introduce three games:

the pairing game (PG) for the potential MNOs, the power

control game (PCG) for the spectrum aggregators, and the

pricing adjustment game (PAG) for the MNOs. We derive

the Nash equilibrium for each of these games and then we

fit these three games into the hierarchical game-theoretic

model [9], [10] and seek the Stackelberg equilibrium (SE).

Numerical results are presented to verify the performance

improvement brought by the joint optimization methods.

The remainder of this paper is organized as follows. The

network model and problem formulation are established

in Section II. The game theoretic analysis is presented in

Section III. We provide numerical results and discussions

in Section IV and conclude the paper in Section V.

II. NETWORK MODEL AND PROBLEM FORMULATION

A. Network Model

Let us consider a mobile system with a set of MNOs,

labeled as K = {M1,M2, . . . ,MK}. Assume each MNO

Mi has been licensed an exclusive frequency band with

bandwidth Bi for i ∈ {1, 2, . . . ,K}. To simplify our

description, we focus on the transmission of one source to

destination pair, Si to Di, for each MNO Mi. In a practical

system, to provide performance guarantees to all the users,

this source to destination pair may correspond to the one

with the lowest performance. In this paper, we assume each

MNO keeps transmitting in its own spectrum. In addition, it

can also access the spectrum of other MNOs as long as the

resulting interference is lower than a certain interference

threshold [7]. Let the ratio of the channel gain between Si

and Dj to the additive noise of Dj in the lth frequency band

be hij [l] for i, j, l ∈ {1, 2, . . . ,K} and the transmit power

of Si in the lth frequency band be wi[l]. We consider the

following power constraint in the licensed frequency band

of Mj , ∑
i∈Lj\j

hij [j]wi[j] ≤ qj , (1)

where i, j ∈ {1, 2, . . . ,K} and Lj ⊆ K is the set of MNOs

accessing the licensed spectrum of Mj .

B. Problem Formulation

We assume, in the SSS-CA system, that each MNO has

priority to use its licensed spectrum. More specifically, Mi

can decide the transmit power wi[i] and charge a certain

price to each spectrum aggregator. This price can be the

money paid to the spectrum owner (i.e., network operator)

or it can also be a virtual currency used by each MNO

to manage or regulate the interference and accessibility

of outside MNOs [8], [11]. We assume each MNO can

only control the price of its licensed spectrum and should

always follow the prices imposed by other MNOs when it

aggregates their spectrum. In this way, the utility function

of each MNO contains three parts. We assume each MNO

tries to maximize its transmission rates and follow the same

line as [9], [10] to define the first part of the utility for each

MNO as

π1
i =

∑
l∈Ni

Bi log

⎛
⎜⎝1 +

hii[l]wi[l]

1 +
∑

j∈L[l]\i
hji[l]wj [l]

⎞
⎟⎠, (2)

where Ni is the set of frequency bands that are aggregated

by Mi. Each MNO can also obtain revenue by charging its

spectrum aggregators according to their resulting interfer-

ence which is given by,

π2
i = βi

∑
j∈L[i]\i

hji[i]wj [i], (3)

where βi is the pricing coefficient of Mi

In addition, Mi also needs to pay prices when aggregat-

ing the spectrum licensed to other MNOs. We hence define

the cost of Mi aggregating the spectrum of Mj for j ∈ Ni

as follows,

ζi =
∑

l∈Ni\i
βlhil[l]wi[l] (4)

Let us define the payoff of each MNO as

�i(βi,wi,L[i],Ni) = π1
i + π2

i − ζi, (5)

where βi = (βj)j∈Ni
and wi = (wj [l])l∈Ni ∀j∈Ll

In our model the transmission in each licensed spectrum

block can be regarded as a cognitive radio (CR) network

in which the spectrum owner is the PU and the spectrum

aggregators are SUs. In its own licensed spectrum, it is

generally unnecessary for the PU to keep track of the

resulting interference and availability of the SUs and adapt

its transmit power to the activity of SUs. To simplify

our description, we assume the transmit power wi[i] is a

constant. However, to avoid high interference to the PU,

the transmit powers of the SUs should always be limited.

Therefore, to achieve a certain performance improvement

in the CR network, the secondary user should always use

power control methods to improve its payoff and simulta-

neously limit the resulting interference to the primary user.

We hence assume each MNO Mi can use power control

when it accesses the spectrum of other MNOs.

In this paper, we focus on the following problems,

1) Pairing Problem: CA requires multiple MNOs to agree

on the spectrum sharing. It is important for each MNO

to choose the appropriate aggregators (in terms of

quantity and quality) of its own spectrum. Hence for

the given βi and wi, the pairing optimization problem

can be formulated as

max
Li,Ni⊆K

�i(βi,wi,Li,Ni). (6)

2) Power Control Problem for Each MNO in the Spec-
trum of Others: When accessing the spectrum of other

MNOs, each MNO can use power control methods to

improve its performance with the given prices charged
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Fig. 1. Pairing game for a two-MNO system.

by the spectrum owner. The power optimization prob-

lem for each MNO can be formulated as

max
wi[l] ∀l∈Ni\i

�i(βi,wi,Li,Ni). (7)

3) Pricing Adjustment Problem for each MNO in its
licensed Spectrum: Each MNO can control the price

charged to the spectrum aggregators in its licensed

spectrum. Therefore, the pricing adjustment problem

for each MNO can be written as

max
βi

�i(βi,w
∗
i ,Li,Ni). (8)

4) Joint Optimization Problem: In this paper, we consider

the joint optimization problem. More specifically, we

derive the condition for which the MNOs have the

incentive to form an SSS-CA pair. We then establish

a Stackelberg game-based hierarchical framework [9]

in which, in the frequency band of Mi, the spectrum

owner Mi is the leader (or primary user, seller, etc.)

and the unlicensed MNO Mj for j �= i is the follower

(also called secondary user, buyer, etc.). Using this

framework, we prove that it is possible to jointly opti-

mize the transmit power, prices, and pairing partner

of each MNO by appropriately selecting the price

functions.

III. GAME THEORETIC ANALYSIS FOR A TWO-MNO

SYSTEM

In this paper, we focus on a system with two MNOs. To

simplify our description, we use −i to label the parameters

of the MNO that is different from the MNO Mi for

i ∈ {1, 2}. In this section, we will first study the pairing

problem, and then derive the optimal transmit powers for

each MNO. Finally, we derive the optimal prices and

Stackelberg equilibrium of the hierarchical game.

A. Pairing Game for a Two-MNO System

Let us first consider the condition for which both MNOs

have the incentive to form an SSS-CA pair. We assume the

transmit powers and the prices of MNOs are fixed. We will

discuss the optimizations of the transmit powers and the

prices in the next two subsections. Let us define a pairing
game (PG) for the two-player MNO system as follows. In

the PG, the players are MNOs and the action φ−ii ∈ {0, 1}
of each MNO Mi is to whether or not to allow the other

MNO M−i to aggregate its licensed spectrum Bi, i.e., if Mi

can aggregate the spectrum of M−i, φi−i = 1. Otherwise,

φi−i = 0. We allow two types of pairing between the

two MNOs: 1) both MNOs allow their spectrum to be

aggregated by each other, i.e., φ12 = φ21 = 1, 2) only one

MNO allows the other MNO to aggregate its spectrum,

i.e., φi−i = 0 and φ−ii = 1. We allow the latter type

of pairing because it is possible that only one MNO can

obtain benefits to aggregate the spectrum of the other MNO.

When the number of MNOs is large, the owner Mj of the

frequency band which provides the highest payoff gain for

an MNO Mi may not necessarily want to aggregate the

spectrum of Mi, i.e., Mi ∈ Lj does not mean Mj ∈ Ni.

It is observed from Section II that the benefit to each

MNO Mi can be divided into two parts: the payoff obtained

in its own spectrum and that obtained from aggregating

the spectrum of the other denoted by �ii and �i−i,

respectively. We hence can rewrite the payoff function in

(5) as follows,

�i = �ii (wi[i], w−i[i], φ−ii)

+�i−i (wi[−i], w−i[−i], φi−i)

= Bi log

(
1 +

hii[i]wi[i]

1 + φ−iih−ii[i]w−i[i]

)

+φ−iiβih−ii[i]w−i[i]

+φi−iB−i log

(
1 +

hii[−i]wi[−i]

1 + h−ii[−i]w−i[−i]

)

−φi−iβ−ihi−i[−i]wi[−i]. (9)

We have listed the payoffs of both MNOs in Figure 1.

This leads to the following proposition.

Proposition 1: (φi−i = 0, φ−ii = 0) is not a NE if

�ii > 0 and �−ii > 0 (10)

is satisfied for at least one MNO.

Proof: See Appendix A.

Note that if both MNOs satisfy (10), (φi−i = 1, φ−ii =
1) is the only NE of the game.

B. Optimal Power Control for the Unlicensed Users in
Each Frequency Band

As mentioned previously, when accessing the unlicensed

spectrum, it is necessary for each MNO (SU) to use power

control to improve its payoff. To simplify our discussion

in this section, we assume the pricing coefficients of both

MNOs are constant. The optimization of the pricing coef-

ficients for MNOs will be discussed in the next subsection.

Let us consider the power control game (PCG) in which the

action of each player Mi is to choose the optimal transmit

power wi[−i] to maximize the payoff in (9). Following the

same line as Section II, we can rewrite the optimization
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of the power control problem for the two-MNO system as

follows,

max
wi[−i]

�i (w1[2], w2[1])

s.t. wi[i], w−i[−i], wi[−i], w−i[i] ≥ 0. (11)

It is observed that the payoff of each MNO is a function

of the transmit powers of both MNOs in both frequency

bands, i.e., �i is a function of w1[1] and w2[2]. In oth-

er words, finding the optimal transmit power wi[−i] is

generally a complex task. Fortunately, for the two-MNO

system, we can derive the optimal transmit power by setting
∂�i

∂wi[−i] = 0 as follows,

w∗
i [−i] =

(
B−i

β−ihi−i[−i]
− 1 + h−ii[−i]w−i[−i]

hii[−i]

)+

. (12)

Note that in (11), we neglect the power constraint in (1).

This is because, as observed in (12), each MNO can use the

pricing function to control the transmit power of spectrum

aggregators as well as their resulting interference.

Proposition 2: It is observed that if w∗
i [−i] > 0 ∀ i ∈

{1, 2}, then �i−i > 0.

Proof: See Appendix B.

The above proposition shows that if the optimal transmit

power in (12) is positive, Mi always has the incentive to

use the spectrum of the other MNO. However, it still needs

the other MNO to agree to form the SSS-CA pair, i.e.,

�−i−i > 0.

C. Optimal Price and Stackelberg Equilibrium

In the previous two subsections, we proved that the

optimal transmit powers not only maximize the payoff of

the spectrum aggregator, but also control the incentive of

the MNOs to aggregate the spectrum of others. In this

subsection, we will show that the optimal transmit powers

in (11) are controlled by the pricing coefficients of both

MNOs and it is enough for each MNO to use the price

function to simultaneously control the accessibility and

payoff for the spectrum aggregator.

Let us now model the above price optimization problem

as a pricing adjustment game (PAG). In the PAG, the

action of each MNO Mi is to find the optimal pricing

coefficient βi. By substituting the optimal transmit powers

w∗
i [−i] and w∗

j [i] in (12) into �i (w
∗
1 [2], w

∗
2 [1]), we can

observe that the payoff of each MNO is related to the

pricing coefficients of both MNOs. This means that the

price optimizations for both MNOs are always correlated

with each other and both MNOs will need to compete with

each other for the pricing coefficients. However, each MNO

can only control the price of its own spectrum. Recall from

Section III-A, the payoff of each MNO Mi consists of two

parts: �ii and �i−i. The pricing coefficient decided by

Mi can only affect �ii, and �i−i only depends on the

pricing coefficient controlled by M−i. Therefore, Mi only

needs to optimize the pricing coefficient βi to maximize the

payoff �ii. And the resulting βi also decides the optimal

transmit power of M−i which directly controls the incentive
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Fig. 2. The payoffs of the operators with different pricing coefficients:
β2 = 6.

of M−i to access the spectrum of Mi. Let us model the

above pricing and power joint optimization problem as a

Stackelberg game as follows. In each licensed spectrum, the

PU is the leader and its action is to optimize the pricing

coefficient to maximize its payoff. The SU is the follower
and its action is to optimize its transmit power. For a two-

MNO system, we have the following theorem about the

Stackelberg equilibrium (SE).

Theorem 1: For a two-MNO system, (w∗(β∗),β∗) is

an SE where w∗(β∗) = [w∗
1 [2], w

∗
2 [1]] and w∗

i [−i] is

given in (12) and β∗ = [β∗
1 , β

∗
2 ]. If (2− 2ρi + θi)

2
<

θi (θi − ρi), β
∗
i = β−

i where β−
i is given by

β−
i =

hii[−i]B−i

hii[−i]q−i + hii[−i] + h2
−ii[−i]w−i[−i]

. (13)

If (2− 2ρi + θi)
2 ≥ θi (θi − ρi), then

β∗
i = arg max

β∗
i ∈{β1∗

i ,β2∗
i ,β−

i ,β+
i }

β∗
i ∈[β−

i ,β+
i ]

{
�ii

(
β∗
i , β

∗
−i

)}
, (14)

where ρi =
h−ii[i](1+hi−i[i]wi[i])

hjj [i]
, θi = hii[i]wi[i], and

β+
i =

Bi

ρi
, (15)

β1∗
i = − Biρi (2− 2ρi + θi)

2ρi (ρi − 1) (ρi − 1− θi)
(16)

+

Bi

√
ρiθi

(
(2− 2ρi + θi)

2
+ θi (ρi − θi)

)

2ρi (ρi − 1) (ρi − 1− θi)
,

β2∗
i = − Biρi (2− 2ρi + θi)

2ρi (ρi − 1) (ρi − 1− θi)
(17)

−
Bi

√
ρiθi

(
(2− 2ρi + θi)

2
+ θi (ρi − θi)

)

2ρi (ρi − 1) (ρi − 1− θi)
.

Proof: See Appendix C.

Note that the optimal prices in the above theorem are

calculated by assuming both sources use the power control

methods in (12). If the aggregators use constant powers,

both MNOs should charge the highest prices they can to

all the spectrum aggregators, i.e., βi → β+
i .
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powers of both source-to-destination pairs with different dS1S2 .

IV. DISCUSSIONS AND NUMERICAL RESULTS

In this section, we present the numerical results to verify

the possible performance improvement brought by our joint

optimization methods. We first consider the effects of the

changing pricing coefficients on the payoff of the MNOs.

In Figure 2, we fix the pricing coefficient of one MNO

and compare the payoffs when the other MNO changes its

pricing coefficient. It is observed that the payoff of both

MNOs will be affected even when the price of only one

MNO changes. This is because in our model each MNO can

use the price to control the payoff in its own spectrum as

well as that of the spectrum aggregator. Another observation

is that the power control could greatly increase the payoff

for both MNOs, and more importantly, it can decrease the

effects of the price changes on the difference between the

payoffs for both MNOs.
To compare the different payoffs brought by different op-

timization methods proposed in Section III, let us consider

a network with two MNOs each of which consists of one

source-to-destination pair as is shown in the top of Figure 3.

Assume that the channel gain hij is given by hij =
ĥij

dξ
SiDj

for i, j ∈ {1, 2} where ĥij is the average channel fading

coefficient, dSiDj are the distances between Si and Dj and

ξ is the fading exponent. We also assume the distances

between S1 and S2 and between D1 and D2 are the same,

i.e., dS1S2 = dD1D2 . Let us focus on the performance

of both source-to-destination pairs with different values

of dS1S2 . The payoffs of both source-to-destination pairs

using different optimization methods are presented in the

second subfigure of Figure 3. It is observed that the payoffs

decrease with the distance dS1S2 . This is because when the

distances between the sources become large, each MNO

can only charge a low price to attract others to aggregate

its spectrum, which greatly reduces the revenue each MNO

could obtain from others. This observation can also be

verified by the third subfigure of Figure 3 where we present

the optimal prices for the two MNOs on different dS1S2 . At

the bottom of Figure 3 shows the optimal average power

for each MNO when their distance changes. It is observed

that the transmit powers are increased when the distance

increases. This is because the interference between two

source-to-destination pairs decreases with the distances.

Note that the increases of the transmit powers can improve

the payoffs for both MNOs; however, the price decreasing

process affects the revenue at a much faster rate, which

eventually lowers the payoffs of the MNOs.

V. CONCLUSION

This paper considers SSS-CA for a heterogeneous net-

work. In SSS-CA, a network MNO can not only use its

own licensed spectrum, but also aggregates the spectrum

licensed to the other MNOs by paying a certain price. We

first derive the basic condition for which the MNOs have

the incentive to form an SSS-CA pair. We then establish a

hierarchical game theoretic framework to jointly optimize

the prices of the spectrum owners and the transmit powers

of the spectrum aggregators. We derive the optimal transmit

powers for each spectrum aggregator and the optimal prices

for each MNO. We observe that the optimization of these

two parameters is linked through the price function of

the MNOs. We derive the Stackelberg equilibrium for the

joint power and price optimization problem and present

numerical results to verify the performance improvement of

these optimization methods on the payoffs of the MNOs.

APPENDIX

A. Proof of Proposition 1
We can observe in Figure 1 that if Mi does not aggregate

the spectrum of M−i, the best response for M−i is given
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by

φ−ii =

⎧⎪⎪⎨
⎪⎪⎩

0,
�i(φi−i = 0, φ−ii = 1)
≤ �i(φi−i = 0, φ−ii = 0),

1,
�i(φi−i = 0, φ−ii = 1)
> �i(φi−i = 0, φ−ii = 0).

In other words, �i(φi−i = 0, φ−ii = 1) >
�i(φi−i = 0, φ−ii = 0) means that M−i can improve its

payoff by using the spectrum of Mi and hence, in this

case, (φi−i = 0, φ−ii = 0) is not an NE. However, we

also need to ensure that Mi has the incentive to allow

spectrum sharing, i.e., �ii(φ−ii = 1) > 0. This directly

leads to the results of the proposition.

B. Proof of Proposition 2

Let us consider the part of the payoff of Mi obtained by

aggregating the spectrum of M−i as follows,

�i−i = B−i log

(
1 +

hii[−i]wi[−i]

1 + h−ii[−i]w−i[−i]

)

−β−ihi−i[−i]wi[−i]. (18)

It is observed that wi[−i] increases (or decreases) with

�i−i when wi[−i] < w∗
i [−i] (or wi[−i] ≥ w∗

i [−i]) where

w∗
i [−i] is the optimal solution of �i−i given in (11).

Because �i−i = 0 if wi[−i] = 0, we hence have �i−i ≥ 0
when wi[−i] ≥ 0.

C. Proof of Theorem 1

Let us consider the optimization of the pricing coeffi-

cients for the MNOs. Before the derivation of the optimal

price, we first need to calculate the range of βi. It is

observed that the value of βi is limited by two constraints.

The first one is the power constraint in (1). The other one

is the fact that the transmit power of M−i should be a

positive value. Otherwise Mi cannot obtain any benefits by

optimizing βi, i.e., w∗
−i[i] > 0. Substituting w∗

−i[i] in (11)

into (1), we can obtain the lower bound β−
i for βi in (13).

Similarly, using w∗
−i[i] > 0, we can calculate the upper

bound β+
i for βi in (15). In other words, if the value of β∗

i

is less than β−
i , the transmit power of M−i will exceed the

interference threshold limit of Mi. While if β∗
i is greater

than β+
i , M−i will not aggregate the spectrum of Mi and

hence Mi cannot charge anything to M−i.

If we substitute w∗
i [−i] in (11) into the payoff function of

(9), we can find that �ii (or �i−i) is only related to w−i[i]
(or wi[−i]) which is controlled by βi (or β−i). Since Mi

can only decide the value of βi, we assume β−i has already

been chosen by M−i and hence Mi only needs to focus

on the optimization of β∗
i to maximize �ii. Let us denote

ρi =
h−ii[i](1+hi−i[i]wi[i])

h−i−i[i]
and θi = hii[i]wi[i]. Substituting

w∗
1 [2] and w∗

2 [1] in (11) into (9), we have

�ii = Bi log

(
1 +

βiθi
Bi + βi (1− ρi)

)
+ (Bi − βiρi)

+
(19)

To find the optimal value of βi that maximize �i, we

have

∂�i

∂βi
= 0 ⇒ βiBiρi (2− 2ρi + θi)

(Bi + βi (1 + θi − ρi)) (Bi + βi (1− ρi))

+
B2

i (θi − ρi)− β2
i ρi (1− ρi) (1 + θi − ρi)

(Bi + βi (1 + θi − ρi)) (Bi + βi (1− ρi))
= 0.

(20)

From the above equation, it is observed that if

(2− 2ρi + θi)
2

< θi (θi − ρi), there is no solution for
∂�i

∂βi
= 0. In this case, ∂�ii

∂βi
< 0 which means that �ii

always decreases with βi. Therefore, Mi should choose

the lowest value of βi to maximize the payoff �ii, i.e.,

β∗
i = β−

i . However, if (2− 2ρi + θi)
2 ≥ θi (θi − ρi), there

exist two solutions for the equation (20) which are given

in (16) and (17), respectively. These solutions can be the

value of βi that maximizes or minimizes �ii. Note that in

(14), we also consider the boundary values of βi. This is

because the solution that maximizes the value of �ii may

not within the range of βi. In this case, we need to choose

the lowest or the highest value of βi to improve the payoff

of Mi.
Note that because the pricing coefficients of MNOs con-

trol the optimal transmit powers of MNOs. We hence can

claim that the optimal β∗ and the corresponding transmit

powers w∗ achieve an SE for the hierarchical game formed

by the leader (the MNOs in their licensed spectrum) and

the follower (the MNOs in the unlicensed spectrum). This

concludes our proof.
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